In this paper, we give sufficient conditions on the spectral radius for a bipartite graph to Hamiltonian and traceable, which expand the results of Lu, Liu and Tian (2012) [10] . Furthermore, we also present tight sufficient conditions on the signless Laplacian spectral radius for a graph to Hamiltonian and traceable, which improve the results of [12] .
Introduction
All graphs considered here are simple and undirected. Let G be a graph with vertex set V (G) = {v 1 , v 2 , . . . , v n } and edge set E(G). For v i ∈ V (G), we denote by d(v i ) or d i the degree of v i . Let (d 1 , d 2 , . . . , d n ) be the degree sequence of G, where
Denote by δ(G) or simply δ the minimum degree of G, i.e., δ = d 1 . The disjoint union of k copies of a graph G is denoted by kG. The join of G and H, denoted by G ∨ H, is the graph obtained from disjoint union of G and H by adding all possible edges between them. Write K n−1 + e for the complete graph on n − 1 vertices with a pendant edge, and K n−1 + v for the complete graph on n − 1 vertices together with an isolated vertex.
A cycle passing through all the vertices of a graph is called a Hamiltonian cycle. A graph containing a Hamiltonian cycle is called a Hamiltonian graph. A path passing through all the vertices of a graph is called a Hamiltonian path and a graph containing a Hamiltonian path is said to be traceable.
The adjacency matrix A(G) = (a ij ) n×n of a simple graph G is the matrix indexed by the vertices of G, where a ij = 1 if v i is adjacent to v j , and a ij = 0 otherwise. The largest eigenvalue of A(G), denoted by ρ(G), is called the spectral radius of G. Let D(G) be the degree diagonal matrix of G. The matrix Q(G) = D(G) + A(G) is the signless Laplacian matrix of G. Denote by q(G) the signless Laplacian spectral radius.
The problem of deciding whether a given graph is Hamiltonian or traceable is NPcomplete. Many reasonable sufficient or necessary conditions were given for a graph to be Hamiltonian or traceable. Recently, spectral theory of graphs has been applied to the problem. Fiedler and Nikiforov [7] gave sufficient conditions for a graph to be Hamiltonian and traceable in terms of the spectral radius of the graph or its complement. Lu, Liu and Tian [10] showed a sufficient condition for a graph to be traceable in terms of the spectral radius of the graph. Subsequently, Zhou [14] investigated the signless Laplacian spectral radius of the complement of a graph, and provided tight conditions for the existence of Hamiltonian cycles or paths. Using Laplacian of graphs, Butler and Chung [3] established a sufficient condition for a graph to be Hamiltonian. Fan and Yu [8] gave a sufficient condition for a graph to be Hamiltonian with respect to normalized Laplacian.
For a bipartite graph, Lu, Liu and Tian [10] gave a sufficient condition for a bipartite graph being Hamiltonian in terms of the spectral radius of the quasi-complement of a bipartite graph. In Section 2, we give sufficient conditions for a bipartite graph to Hamiltonian and traceable in terms of spectral radius of the bipartite graph.
Yu and Fan [12] mentioned the signless Laplacian spectral conditions for a graph to be Hamiltonian and traceable, while investigating spectral conditions for a graph to Hamilton-connected. However, there is a flaw in their result which left out two exceptional graphs. Hence, it needs further investigate on the sufficient conditions for a graph to be Hamiltonian and traceable in terms of the signless Laplacian spectral radius of a graph. In Section 3, we provide tight sufficient conditions on the signless Laplacian spectral radius for a graph to Hamiltonian and traceable, which improve the results of Yu and Fan [12] .
Note that δ ≥ 2 and δ ≥ 1 are trivial necessary conditions for a graph to be Hamiltonian and traceable, respectively. Hence we always make the assumption while finding spectral conditions for Hamiltonian and traceable graphs or bipartite graphs throughout this paper. pendent edge to one of vertices in X. The following result was given by Lu et al. in [10] .
Theorem 2.1 provided a sufficient condition on Hamiltonian bipartite graph in terms of spectral radius of the quasi-complement of the bipartite graph. But there is a minor error in its proof. It should be:
Next we will show sufficient conditions on Hamiltonian and traceable bipartite graphs in terms of the spectral radius of bipartite graphs, respectively. First we state a sharp upper bound on the spectral radius of a bipartite graph. 
A sufficient condition for a bipartite graph to be Hamiltonian was given in [2, Ex. 18.3.9] . 
Let K p,n−2 + 4e be a bipartite graph obtained from K p,n−2 by adding two vertices which are adjacent to two common vertices with degree n − 2 in K p,n−2 , respectively, where p ≥ n − 1. Next we obtain a result which is similar to Lemma 2.5. 
Proof. Suppose that G is a non-Hamiltonian bipartite graph with δ ≥ 2 and degree
, and all inequalities in the above argument should be equalities. Then k = 2 or k = n − 2. If k = 2, then G is a bipartite graph with n 2 − 2n + 4 edges and 
Proof. By Lemma 2.3, we have
where m is the number of edges in G. Then m ≥ n 2 − 2n + 4. By Lemma 2.6, the result follows. ✷ Let G[X, Y ] be a traceable bipartite graph. Then |X| = |Y | or |X| = |Y | + 1. These two types will be discussed separately.
for every pair of nonadjacent vertices x ∈ X and y ∈ Y , then G is Hamiltonian. 
By Lemma 2.5, we have G − {x 0 , y 0 } is Hamiltonian or G − {x 0 , y 0 } ∼ = K n−1,n−2 + e.
Denote by N(x 0 ) and N(y 0 ) the neighborhoods of vertices x 0 and y 0 , respectively.
Note that by convention we let x n = x 1 .
Claim: There exist y s ∈ A and x t ∈ B such that x t y s ∈ E(G).
then (|A| − 1)(|B| − 1) ≤ −1 which yields a contradiction. Thus Claim holds.
Let y s ∈ A and x t ∈ B such that x t y s ∈ E(G). Then x s y 0 ∈ E(G) and x 0 y t−1 ∈ E(G). Without loss of generality, we can assume that s ≥ t. Then we find a Hamiltonian path
Then G is traceable.
Let e = uv with u ∈ X and v ∈ Y , where v is the pendant vertex in G − {x 0 , y 0 }.
, where u 1 = u. Then x 0 vu is the path starting from x 0 and goes into the graph isomorphic to K n−1,n−2 . We can travel all vertices of this complete bipartite graph once and end at u 1 . Then go to y 0 . Hence G is traceable. Now, we suppose d(y 0 ) = 1. Since
then G is traceable.
then m ≥ n 2 − 2n + 3. By Lemma 2.9, the theorem holds. ✷ Let K n,n−1 + 2e be a graph obtained from K n,n−1 by adding two vertices which are adjacent to a common vertex with degree n − 1, respectively. 
then G is traceable unless G ∈ {K n+1,n−2 + 4e, K n,n−1 + 2e}. 
By Lemma 2.6, G[X, Y +v] is Hamiltonian or
is traceable or G ∼ = K n+1,n−2 + 4e or K n,n−1 + 2e. So we have the theorem. ✷
Hamiltonian and traceable graphs
In [14] , Zhou gave a sufficient condition for a graph to be Hamiltonian and traceable in terms of the signless Laplacian spectral radius of the complement of a graph.
Let EC n be the set of graphs of the following two types of graphs on n vertices: (a) the join of a trivial graph and a graph consisting of two complete components, and (b) the join of a regular graph of degree n−1 2 −r and a graph on r vertices, where 1 ≤ r ≤ n−1 2
.
Let EP n be the set of graphs of the following three types of graphs on n vertices: (a) a regular graph of degree (i) If n ≥ 3, q(Ḡ) ≤ n − 1 and G / ∈ EC n , then G is Hamiltonian.
(ii) If q(Ḡ) ≤ n and G / ∈ EP n , then G is traceable.
Yu and Fan [12] mentioned a sufficient condition for a graph to be Hamiltonian and traceable in terms of the signless Laplacian spectral radius of the graph. However, there is a flaw in their result which left out two exceptional graphs K 2 ∨ 3K 1 and K 1,3 . The complete result is as follows. (i) If q(G) > 2n − 4 and G is neither K 2 ∨ 3K 1 nor K n−1 + e, then G is Hamiltonian.
(ii) If q(G) ≥ 2n − 4 and G is neither K 1,3 nor K n−1 + v, then G is traceable.
In this section, we present new spectral conditions for a graph to be Hamiltonian and traceable in terms of the signless Laplacian spectral radius of the graph, which improve the results in Theorem 3.2.
The following better sharp upper bound on the signless Laplacian spectral radius for a connected graph G was given in [6] , also see [4] . 
with equality if and only if G is K 1,n−1 or K n .
If G is disconnected, by considering a connected component of G, Yu and Fan [12] obtained the following sharp upper bound on the signless Laplacian spectral radius for a general graph G. 
If G is connected, then the equality holds if and only if G is K 1,n−1 or K n . Otherwise, the equality holds if and only if G is K n−1 + v.
A sufficient condition for a graph to be Hamiltonian was given by Chvátal in 1972.
Lemma 3.5 ( [5])
Let G be a simple graph with the degree sequence
, K 2 ∨ 3K 1 } be the set of some graphs. Obviously, the graphs in NC are non-Hamiltonian.
A stronger version of Lemma 3.6 occurs in [11] . In order to keep this paper complete, independent and self-contained, we provide a detailed proof again.
Lemma 3.6
1 Let G be a graph with δ ≥ 2. If
then G is Hamiltonian unless G ∈ NC.
Proof. Let G be a graph on n vertices and m edges with δ ≥ 2. Let d 1 ≤ d 2 ≤ · · · ≤ d n be its degree sequence. Suppose that G is a non-Hamiltonian graph. By Lemma 3.5, there exists an integer k <
where
The roots of f (k) are r 1 = 1 6
(2n − 1 − √ 4n 2 − 40n + 73) and r 2 = 1 6
For 2 ≤ k < r 1 , we have 2n − 13 > √ 4n 2 − 40n + 73. It is easily to get n < 8. > r 2 for odd n. Then we will get that n 2 − 12n + 23 < 0. So we have 2 < n < 10. Similarly, for even n, we will get that 2 < n < 8. Combining with the lower bound on n obtained above, finally we have n = 9, 7, 6, 5. (1) holds. That is, the degree sequence of G is (4, 4, 4, 4, 4, 8, 8, 8, 8) .
Case 2. n = 7. We have k ∈ {2, 3}. We have f (2) = 1 and f (3) = 3. If k = 2, then 27
and the equality in Eq. (1) holds. That is, the degree sequence of G is (2, 2, 4, 4, 4, 6, 6 ).
. Similar to the above case we obtain that the degree sequence of G is (3, 3, 3, 3, 6, 6, 6 ).
, then the degree sequences of G and G are as follows:
Case 3. n = 6. We have k = 2. Thus 18 < 
Case 4. n = 5. We have k = 2. Thus 11
we obtain the degree sequences of G and G are:
Note that K 2 ∨ (K 2 + K 1,2 ) contains a Hamiltonian cycle and the others obtained graphs are nonhamiltonian. Thus the proof is completed. ✷ By Lemma 3.6, we present one of the main results.
Theorem 3.7 Let G be a graph on n ≥ 4 vertices with δ ≥ 2. If
Proof. Suppose that G is a non-Hamiltonian graph with m edges. Obviously, K n is Hamiltonian, δ(K 1,n−1 ) = 1 and δ(K n−1 + v) = 0. By Lemma 3.4, we have q(G) <
. By Lemma 3.6, G ∈ NC. By directed calculation (see Table 1 at the next page of this paper), we have q(G) < 2n − 5 + 
} be the set of some graphs. Obviously, the graphs in NP are nontraceable. By Lemmas 3.6 and 3.8, we obtain a sufficient condition for a graph to be traceable. 
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A stronger result of Lemma 3.9 can be found in [11] . , then G is traceable unless G ∈ NP.
, by Lemma 3.6, G ∨ K 1 is Hamiltonian unless G ∨ K 1 ∈ NC. According to Lemma 3.8, G is traceable unless G ∈ NP. ✷ By Lemma 3.9, we easily obtain the following result. Theorem 3.10 Let G be a graph on n ≥ 4 vertices with δ ≥ 1. If
Proof. By Lemma 3.4 and the hypothesis, we have 2n − 5 ≤ q(G) ≤ 2m n−1 + n − 2, where m is the size of G.
Suppose the last equality holds. By Lemma 3.4, G ∈ {K 1,n−1 , K n , K n−1 + v}. Clearly, K n is traceable. Since δ(K n−1 + v) = 0, it is not a case. If G = K 1,n−1 , then q(G) = n. Under our assumption, we have n ≤ 5. So G ∈ {K 1,3 , K 1,4 }. Now we assume 2n − 5 ≤ q(G) < . By Lemma 3.9, G is traceable unless G ∈ NP. For G ∈ NP, it is easy to check that only graphs K 2 ∨ 4K 1 , K 1 ∨ (K 2 + 2K 1 ), and K 1,3 satisfying the condition q(G) ≥ 2n − 5 (see Table 1 ).
Combining both cases, we have the theorem. ✷ For n ≥ 7, Theorem 3.10 can be considered as a corollary of the following recent result:
Theorem 3.11 ( [13] ) Let G be a connected graph of order n ≥ 4. If q(G) ≥ 2(n − 2) 2 + 4 n − 1 (= 2n − 6 + 6 n − 1 ), then G is traceable.
Theorem 3.10 improves the result in Theorem 3.2 (ii). As a corollary of our result, we present the proof of Theorem 3.2 (ii).
Proof of Theorem 3.2 (ii). If n = 3, then the result obviously holds. Now we assume that n ≥ 4. Suppose δ ≥ 1. Since q(G) ≥ 2n − 4 > 2n − 5, by Theorem 3.10, G is traceable unless G ∈ {K 2 ∨ 4K 1 , K 1 ∨ (K 2 + 2K 1 ), K 1,3 , K 1,4 }. By Table 1 and q(G) ≥ 2n − 4, we have that G = K 1,3 is the only exceptional case. for a graph to be Hamiltonian and traceable, respectively. Using the two results, we can obtain the signless Laplacian spectral conditions q(G) ≥ 2n − 6 + 4 n−1 and q(G) ≥ 2n − 6 for a graph to be Hamiltonian and traceable except several specific graphs, respectively.
